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Abstract
Through a method given in Hirschfeld and Thas (General Galois Geometries, Oxford University Press, Oxford, 1991),
a mixed partition of PG(2n− 1; q2) can be used to construct a (2n− 1)-spread of PG(4n− 1; q) and, hence, a translation
plane of order q2n. A mixed partition in this case is a partition of the points of PG(2n− 1; q2) into PG(n− 1; q2)’s and
PG(2n− 1; q)’s which we call Baer subspaces. In this paper, we completely classify the mixed partitions which generate
regular spreads and, hence, can be classi:ed as classical.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
A spread S of the projective geometry  = PG(2n − 1; q), for any prime power q, is a partition of the points of
 into (n − 1)-spaces (copies of PG(n − 1; q)). It is well-known (see [1]) that a spread S can be used to construct a
:nite translation plane (S), and, moreover, that any :nite translation plane can be constructed from a spread of some
odd-dimensional projective space. Hence, the study of :nite translation planes is equivalent to the study of spreads.
It was shown in [3] that another type of partition can also be used to construct a spread, and hence a translation plane.
This new type of partition, which we call a mixed partition, is a partition of the points of some odd-dimensional square
order space, say PG(2n− 1; q2), into two types of objects, (n− 1)-spaces (copies of PG(n− 1; q2)) and Baer subspaces
(copies of PG(2n− 1; q)). Through a process which we will call lifting, such a mixed partition of PG(2n− 1; q2) can be
used to construct a spread of PG(4n− 1; q) (and hence a translation plane of order q2n). It is only natural to see how this
new model can be used in the study of :nite translation planes. It should be noted that a mixed partition P of this type
can be used to construct a :nite translation plane (P) directly, without constructing the (intermediate) spread :rst. This
construction, however, is not as well-known, and if S is the spread which arises from the lifting of a mixed partition P,
it can be shown that the translation planes (P) and (S) are isomorphic; see [7], for instance, for a detailed proof.
A :rst step in this program is to classify all mixed partitions that generate the classical (Desarguesian) :nite translation
planes. That is, we determine precisely which mixed partitions of PG(2n− 1; q2) lift to a regular spread of PG(4n− 1; q).
In this paper, we completely classify such classical mixed partitions. We assume that the reader is familiar with reguli
and regular spreads whose de:nitions can be found in [2], for instance. Throughout this work we will use P to denote a
mixed partition and S to denote its associated spread.
2. From a mixed partition to a spread
The reader is referred to Section 25.6 of [3] for the details about how one constructs a spread from a mixed partition.
We supply only an overview.
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Let K be the :nite :eld GF(q2) with primitive element , and let F be its sub:eld GF(q). Let =PG(4n− 1; q2) and
let 0 ∼= PG(4n − 1; q) be a Baer subspace of  in standard position. That is, 0 consists of those points of  induced
by vectors whose coordinates over some :xed basis all lie in the sub:eld F . Additionally, let 	 ∼= PG(2n − 1; q2) be a
subspace of  which is disjoint from 0. Such subspaces 	 can easily be found. For instance, there is an embedding 

of PG(2n− 1; q2) into PG(4n− 1; q2), namely
〈v〉 → 〈(v; v)〉;
where PG(2n− 1; q2) maps to the space which we call 	. Here we let  be any element of K\F .
For any point P of 	, let lP be the line determined by the points P and Pq. Here we write Pq to denote the image of
the point P under the Frobenius collineation given by
P = 〈v〉= 〈(vi)〉 → 〈(vqi )〉= Pq:
Each point of 	 naturally corresponds to a line of 0 via P → JlP = lP ∩ 0. Letting  = q−1, it is not hard to see that
the points of JlP can be represented as P + iPq where i takes the values 0; 1; : : : ; q. These lines form a special type of
partition of 0.
Denition 2.1. A spread G of lines of an odd-dimensional projective space is said to be geometric if, for any pair of
lines l1 and l2 in G, the 3-space S spanned by l1 and l2 has a 1-spread induced by G. That is, every line of G is either
completely contained in S, or is disjoint from S.
Lemma 2.2. The 1-spread G0 determined by the lines JlP for all P in 	 forms a geometric spread of 0.
Proof. Let JlP and JlQ be any two lines of the 1-spread G0, and let S be the solid spanned by JlP and JlQ. It is not hard
to see that the line JlR is completely contained in S for any point R on the line of 	 determined by P and Q. A simple
counting argument :nishes the proof.
Now let P be a mixed partition of 	 containing  copies of PG(n− 1; q2) and  Baer subspaces. The lifting routine
sends each (n− 1)-space S of P to a (2n− 1)-space of 0 via S → SSq ∩0 where SSq denotes the space spanned by S
and Sq. Moreover, the lifting routine sends each Baer subspace B of P to a family of q + 1 distinct (2n− 1)-spaces of
0. These (2n− 1)-spaces form a regulus of 0 whose transversal lines are the lines JlP for every P in B. Since points of
B uniquely determine these lines, B uniquely determines this regulus. Hence, we generate a set of  + (q + 1) distinct
(2n − 1)-spaces of 0 from the elements of P. It was shown in [3] that these (2n − 1)-spaces form a spread S of 0.
One can easily see this by considering the manner in which lines of G0 meet the various (2n − 1)-spaces derived from
the lifting.
3. Automorphisms of a lifted spread
Having brieLy looked at the lifting routine for producing spreads from mixed partitions, we are ready to examine a
very natural group. For the geometric spread G0, there is an associated cyclic automorphism group of order q + 1. This
cyclic group :xes each element of G0 and acts regularly on the points of any spread element. Such a group exists for
any geometric spread (see [5]). We will call this group .
Lemma 3.1. The cyclic group  of order q+1 acting on 0 stabilizes a lifted spread S by 7xing each spread element
which comes from a lifted (n− 1)-space and by moving the spread elements within a regulus coming from a lifted Baer
subspace around in a single orbit.
Proof. The proof follows immediately from the lifting process. Every line of G0 is either completely contained in a
spread element of S or acts as a transversal to exactly q+ 1 elements of S. With this idea in mind, the lemma follows
immediately.
We emphasize that  will :x any spread element which arises from the lifting of an (n − 1)-space S of P. Such a
spread element is made up of a union of lines of the form JlP for any P ∈ S which are -orbits. As a result, we obtain
the following corollary.
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Corollary 3.2. Let P be a mixed partition of 	 ∼= PG(2n− 1; q2) which consists solely of (n− 1)-spaces (i.e., no Baer
subspaces), and let S be the (2n − 1)-spread of 0 ∼= PG(4n − 1; q) which arises from the lifting of P. Then the
translation plane (S) determined by the spread S is at most n-dimensional over its kernel.
Proof. The group  as described above is an automorphism of any lifted (2n−1)-spread, regardless of the mixed partition.
Since  :xes any (2n− 1)-space of S which comes from a lifted (n− 1)-space of P, every element of S is :xed under
. Hence, the multiplicative group of the kernel of (S) contains at least (q− 1)(q+ 1) = q2 − 1 elements. As a result,
(S) cannot be 2n-dimensional over its kernel. Therefore, the largest possible dimension for (S) is n.
The main result of this section says that we can obtain a great deal of information about the automorphism group of a
lifted spread simply by examining the automorphism group of the associated mixed partition.
Theorem 3.3. Any linear automorphism of the mixed partition P will induce an automorphism on the lifted spread S
by acting on the orbits of the group .
Proof. Let  be an automorphism of the mixed partition P. Then one can construct an automorphism  of S from 
as follows. If P = Q for two points P and Q of 	, then we construct  so that JlP = JlQ.
The construction of the map  depends strongly on the embedding used for the space 	. For instance, let  = q−1
and use the embedding given in Section 2. Now let T = (ti; j) be a 2n × 2n matrix which induces a collineation  on
PG(2n− 1; q2) leaving the mixed partition P invariant.
De:ne the 4n× 4n matrix MT as follows:
MT = (mi;j);
where
mi;j ∈F for 16 i; j6 4n;
mi; j + mi+2n; j = ti; j for 16 i; j6 2n;
1
mi; j+2n + mi+2n; j+2n = ti; j for 16 i; j6 2n:
We can describe MT in the following way. Write T = T1 + T2 = (1=)T3 + T4 where Ti has all of its entries in F for
i = 1; 2; 3; 4. Then
MT =
[
T1 T3
T2 T4
]
:
We now de:ne  to be the collineation acting on  induced by the matrix MT . Notice that  leaves 0 invariant. One
can now easily show that  acts as desired, namely, that JlP = JlQ if and only if P
 = Q. There are certainly other ways
to construct such a map . This is just one method which relies on the embedding of 	 described earlier.
Hence, any linear automorphism of a mixed partition will necessarily induce an automorphism of the lifted spread. We
can prove more about this relationship when the mixed partition is “proper”. By proper, we mean that the mixed partition
contains at least one Baer subspace.
Theorem 3.4. Let P be a proper mixed partition of 	 ∼= PG(2n − 1; q2) and let S be its associated lifted spread of
0 ∼= PG(4n − 1; q). Suppose that  0 is a linear collineation of 0 leaving each element of S invariant. Then there
exists a linear collineation of 	 leaving every element of P invariant which lifts to the automorphism  0.
Proof. We consider a Baer subspace B0 of the mixed partition of 	. Let P0; P1; : : : ; P2n be 2n + 1 points in general
position in B0. Then, since G0 is a geometric 1-spread of 0, the 2n+ 1 lines lPi have the property that any 2n of them
will generate the whole space =PG(4n−1; q2). From this, it follows that if Q0 is any point of lP0 , then there is exactly
one (2n − 1)-space of  through Q0, say 	Q0 , which meets each of the other lines in exactly one point each. Hence,
we can build a regulus R in  from these transversal lines and the associated (2n − 1)-spaces intersecting them. The
transversal lines of this regulus will be all of the lines lP as P varies over 	, and 	 will be one of the elements of the
regulus R.
We now extend  0 to a uniquely de:ned linear automorphism  of the whole space  and try to determine the action
which  induces on 	. Contained in the above regulus R is the sub-regulus R0 of 0 which comes from the lifting of
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B0. As the regulus R0 is :xed under  , the set of all transversal lines of R0 is :xed under  . But the (2n − 1)-spaces
of R are uniquely determined by these lines. We conclude that R must also be :xed under  . It is well-known (see
[2]) that the linear automorphism group for such a regulus is isomorphic to PGL(2; q2)× PGL(2n; q2). Now, q+1 of the
elements of R, say R1; : : : ; Rq+1, meet 0 in Baer subspaces; these are the elements of R0 in 0. Since the elements of
R0 are :xed, and q+1¿ 3, it follows that all of the elements of R are :xed under  . In particular, this means that 	 is
:xed under  . More importantly, we note that  acts as a collineation on the set of lines lP for P in 	 and, moreover,
if Jl P = JlQ, then P
 = Q.
Therefore,  0 induces an automorphism  of  which :xes 	. So now we concentrate on the action which  induces
on the points of 	. Since  restricted to 0 :xes all of the elements of the spread S,  must :x each (n − 1)-space
and each Baer subspace of the mixed partition P of 	. Hence, any collineation of S :xing each of the spread elements
must come from a lifted automorphism of P :xing all of the elements of P.
We note that the proof above is only true for linear automorphisms. However, we know that any automorphism which
:xes each element of a spread must be linear (see [4], for instance).
4. A mixed partition from a Singer group
We are now ready to look at the types of mixed partitions which lift to regular spreads and, hence, generate the
Desarguesian plane. We will look at a partition of 	 ∼= PG(2n − 1; q2) with exactly 2 distinct (n − 1)-spaces and all
of the remaining points partitioned into Baer subspaces. We build the partition by considering one of its Baer subspaces
B0 ∼= PG(2n − 1; q). Consider B0 modelled as L = GF(q2n); that is, a 2n-dimensional vector space over F = GF(q), and
let " be a primitive element of L. Then we can think of the points of B0 as the :eld elements
1; "; "2; : : : ; "q
2n−1+···+q2+q:
Multiplication by " on these :eld elements induces a cyclic collineation which acts regularly on the points of PG(2n−1; q);
that is, a Singer cycle. Let # represent this Singer group and let # act on PG(2n− 1; q2).
Theorem 4.1. The orbits of # form a mixed partition P0 of PG(2n− 1; q2) containing two copies of PG(n− 1; q2) and
(q− 1)(q2n−2 + q2n−4 + · · ·+ q2 + 1) Baer subspaces.
Proof. It is not hard to see that a generator for # can be represented by a block diagonal matrix. These blocks determine
the two orbits which form the (n−1)-spaces of our mixed partition, and the remaining orbits are all of full length, namely
q2n−1 + · · ·+ q + 1. See [7] for a detailed proof that these orbits form Baer subspaces. A counting argument shows that
the number of Baer subspaces is exactly (q− 1)(q2n−2 + q2n−4 + · · ·+ q2 + 1).
5. Regular spreads
We are now able to prove the classi:cation result about regular spreads. In fact, we show that the only proper mixed
partition of 	 which lifts to a regular spread is the classical mixed partition discussed above.
Theorem 5.1. Let P be a proper mixed partition of 	 ∼= PG(2n − 1; q2) that lifts to a regular spread S of 0 ∼=
PG(4n− 1; q). Then P is projectively equivalent to the classical mixed partition P0 described in Section 4.
Proof. Let P be a proper mixed partition of 	 which lifts to the regular spread S. Then, by Theorem 3.4, we know that
any automorphism which :xes each member of the spread S is a lifted automorphism of the mixed partition P. Moreover,
since S is regular, we know that the group  :xing each element of S is a cyclic group of order q2n−1 + · · · + q + 1
which acts regularly on the points of any spread element. Applying Theorem 3.4, we know that there is a collineation
group  of 	 which lifts to , and this group  is also a cyclic group of order q2n−1 + · · ·+ q + 1.
Recall that every point of JlP can be represented as P + iPq for some i between 0 and q. Let P + iPq, for some i,
be a point on the line JlP of 0 which lies in a (2n − 1)-space which comes from the lifting of a Baer subspace in 	.
From the proof of Theorem 3.3, we know that  acts on the point P+ iPq in the same way that  acts on the point P.
Since the point orbit (P + iPq) is a (2n− 1)-space of 0, we know that P is a Baer subspace B′ of 	. Since  acts
regularly on the points of B′,  acts as a Singer cycle for B′. We now consider the other point orbits of  on 	.
Any two Baer subspaces of 	 are projectively equivalent. In particular, there exists a linear collineation $ such that
B′$ = B0, where B0 is the Baer subspace consisting of all the points induced by vectors all of whose homogeneous
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coordinates are in the sub:eld GF(q). Now the group $−1$ acts as a Singer cycle for B0. From Theorem 4.1 and its
preceding lemmas, we know that the orbits of the group $−1$ form the classical mixed partition P0. It follows that
P$ =P0 and so P is projectively equivalent to the classical mixed partition P0.
Theorem 5.2. Let P be a mixed partition of PG(2n− 1; q2) that lifts to a regular spread of PG(4n− 1; q). Then P is
projectively equivalent to either (a) the classical mixed partition P0 described in Section 4 or (b) a regular spread of
PG(2n− 1; q2).
Proof. Suppose that the partition P is proper. Then by Theorem 5.1, P is projectively equivalent to the classical mixed
partition described in Section 4. If P is not proper, then P is a spread of PG(2n − 1; q2). As referred to in Section 1,
the mixed partition P and its lifted spread S generate isomorphic translation planes. Hence, P is a regular spread of
PG(2n− 1; q2).
6. Conclusion
We have shown that, up to equivalence, only two distinct mixed partitions of PG(2n− 1; q2) lift to regular spreads and
hence generate the Desarguesian projective plane. Moreover, both of these mixed partitions can be viewed as the orbits
of some Singer group. The group associated with the classical mixed partition was described in Section 4, and the group
associated with the regular spread can most easily be seen by modelling PG(2n− 1; q2) using the :nite :eld GF(q4n) and
viewing the spread elements as multiplicative cosets of the sub:eld GF(q2n).
In the case of spreads being used to generate translation planes, we have the following theorem (see Chapter 1 of [6],
for instance):
Theorem 6.1. Let S1 and S2 be two spreads of PG(2n − 1; q) and let (S1) and (S2) be the translation planes
generated by S1 and S2, respectively. Then, (S1) ∼= (S2) if and only if there is a collineation  of PG(2n − 1; q)
such that S1 =S2.
Note that the above theorem is not true for mixed partitions. The two distinct partitions of PG(2n − 1; q) which give
rise to the Desarguesian planes are certainly not equivalent under some collineation. They are of diPerent types. That
is, one of them contains (q − 1)(q2 + 1) Baer subspaces and two (n − 1)-spaces, and the other partition contains only
(n − 1)-spaces. In [8] there is an example of three distinct mixed partitions (all of diPerent types) which all generate
isomorphic translation planes. It would be nice to :nd a theorem similar to the one above but for the mixed partition
case. In short, under what conditions do two distinct mixed partitions generate isomorphic translation planes? Such a result
could be helpful in classifying translation planes and could possibly be used to search for new planes.
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